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Abstract 

   The effective thermal conductivity of dilute CuO nanoparticle suspensions in liquid, with 
particle mass fraction below 2%, or volumetric fraction much lower than 0.5%, to avoid the possible 
direct contact of particles, was measured with designed equipment. At the same time, SDBS (sodium 
dodecyl benzene sulphonate), with mass fraction of 2%, was added as surfactant to the host liquid 
for further improving the distribution of nanoparticles. With the effective medium approximation 
and the fractal theory for describing nanoparticle clusters and their size distribution, a predicting 
cluster method is proposed, and analysis will be presented to predict the effect of clustering particle 
size and surface adsorption on effective thermal conductivity of liquid. 
Keywords: effective thermal conductivity; nanoparticle suspension; interfacial surface adsorption; size effect; 
cluster; fractal 

1. Introduction 

   The effect of particle inclusions on the effective thermal conductivity of liquid has attracted more 

and more interest experimentally and theoretically since J.C. Maxwell proposed his fundamental idea 

in 1873 [1]. However, solid particles may settle out of the suspensions and deposit on heating / cooling 

wall surface. Recently, as the development of nanotechnology, a novel approach with nano-sized 

particles in suspensions was proposed and terminologized specially as “nanofluid” by S.U.S. Choi [2] of 

Argonne National Laboratory of USA in 1995. Several explanations of enhancing thermal conductivity 

of nanoparticles suspensions have been summarized by Keblinski et al. [3] in 2002. They concluded that 

the enhancement, especially anomalous increase with metallic nanoparticles inclusion, could be 

contributed mainly to the liquid laying at liquid / particle interface and the effect of nanoparticles 

clustering. However, their analyses need to be quantified from experimental data. 

   Our recent experiments also show the effective thermal conductivity enhancement of ethanol with 

25nm SiO2 particles inclusions, and the clustering of particles into percolating pattern was observed 

through STM (scanning tunnel microscopic) photos [4]. It was believed that clustering could 

prominently affect the enhancement. As the measurement was made by thermal-probe method, the 

effect of liquid convection is hard to be avoided. So, we conducted new experiment based on 

quasi-steady state method to exclude the effect of local convection [5]. 50nm CuO particle inclusions, 

with mass fraction below 2%, or volumetric fraction lower than 0.5% suspended in deionized water, 

was used as the testing medium to avoid the possible direct-contact particle clustering. SDBS (sodium 

dodecyl benzene sulphonate), with mass fraction of 2%, was added as surfactant, to further improve the 

distribution of particles in deionized water. As we reported previously, to consider clustering effect 

would be necessary for modeling the effective thermal conductivity of nanoparticles’ suspensions. 

   The fractal theory was proposed by Mandelbrot [6], by which Pitchumani et al. [7] firstly researched 

the effective thermal conductivity of unidirectional fibrous composites. Yu et al. [8~9] obtained a fractal 

description of effective dielectric coefficient of composite material using effective medium 

approximation and fractal theory. But as we know, few in open literatures reports to use the fractal 

theory in describing the cluster of nanoparticle suspensions to predict the effective thermal conductivity. 
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In this paper, we will introduce briefly the effective medium theory and the concept of fractal 

dimension for nanoparticle clusters in liquid, and try to establish a fractal model for predicting the 

effective thermal conductivity of nanoparticle suspensions with the spatial description of clusters and 

the consideration of particle size and surface adsorption effect. 

2. Experiment 

   The experiments were conducted on an apparatus shown in Fig. 1, which was specially designed to 

suit the quasi-steady condition and could simultaneously measure thermal conductivity and specific 

heat of testing material in principle. The testing suspension is kept in its original uniform temperature, 

T0, before being heated. The analytical solution is given by Carslaw and Jaeger [10] as 

)2/( Tqk ∆δ= ,        (1) 

)]/(/[ τρ ddtlqc p = ,        (2) 

where k  is effective thermal conductivity of liquid with particle inclusions, cp is effective specific 

heat of the suspension, q is the constant heat flux from the heating surface, δ is thickness of sample, 

)( 43 TTT −=∆  is the temperature difference between heating surface and insulated bottom surface at 

quasi-steady state, corresponding to Fourior number greater than 0.55. The cylindrical container for 

testing medium is 160mm inside diameter and 9mm deep. The Rayleigh number, Ra, of testing medium 

is controlled less than 103, so that liquid convection could be actually neglected. The estimated 

uncertainty for measured value of k and cp are ± 2.9% and ± 3.8%, respectively. The testing liquid 

with CuO nanoparticles inclusion, 0>φ , were prepared by applying supersonic wave for long-time 

and no visible sediment was found. Besides, we added SDBS (sodium dodecyl benzene sulphonate), 

2% by mass fraction, as the surfactant to further improve the distribution of particles in deionized water, 

and thus, to avoid the direct contact of CuO particles. 

 

1.valve 2.ducting tube 3.supporter (insulator) 4.aluminum sheet 5.sample liquid 

6.plane heater 7.9.heat-loss measuring layer 8.10.insulator 11.reservoir 

Fig. 1. Measuring apparatus 
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(a) effective thermal conductivity     (b) effective specific heat 

Fig.2. Measured value of deionized water and CuO nanoparticle suspension 

   Our experimental set-up checked well with measurements for thermal conductivity and specific 

heat of deionized water and ethanol, i.e., 0=φ , at temperature around 300K. Fig.2 shows the 



measured effective thermal conductivity and effective specific heat for deionized water and CuO 

nanoparticle suspension with mass fraction of 0.5%, where Tm is mean temperature of suspension, and 

the solid line and dash line stand for mean value of corresponding properties of suspension and water, 

respectively. The other results for suspensions with different mass fraction of CuO nanoparticle also 

exhibit the same trend and are not listed here any more. 

   

(a) mass fraction of nanoparticles, 0.02%  (b) 0.04%     (c) 0.06% 

Fig.3. TEM photos of testing medium 

   The electron microscopic photos of suspensions, with 50nm CuO particle inclusions (mass fraction: 

0.02%, 0.04% and 0.06%, corresponding to volume fraction: 0.13%, 0.25% and 0.38%, respectively), 

are also photographed and shown in Fig. 3. As can be seen, particle clustering may happen even for low 

concentration of nanoparticles in liquid. The clustering effect on effective thermal conductivity will be 

considered later in section 5. Meanwhile, we should consider the clustering effect on effective thermal 

conductivity only, since it may not affect the value of specific heat which is a thermodynamic property. 

3. Basics for theoretical analysis 

   In effective medium theory, the Maxwell-Garnett’s self-consistent approximation (MG) model [1] 

and the Bruggeman approach [11] were commonly used to treat the effective transport coefficient of 

mixture and composites. The MG model fits well with experimental data where dilute and randomly 

distributed components are included in a homogeneous host medium, and the particles are considered 

to be isolated in the host medium, without interactions existed among them. For two-component entity 

of spherical-particle suspensions, the MG model [1] gives 
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where fk  is thermal conductivity of host medium, pk  is thermal conductivity of particle, and φ  is 

volume fraction of particles. The MG model is applicable to suspensions with low-concentration 

particle inclusions. 

   The Bruggeman model with mean field approach is used to analysis the interactions among the 

randomly distributed. For a binary mixture of homogeneous spherical inclusions, the Bruggeman model 
[11] gives 
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and the solution of above quadratic equation is given as: 

∆φφ +−−+−= fp kkk )]1)1(3[)13( ,      (5) 
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The Bruggeman model has no limitation on the concentration of inclusions, and can be used for particle 

percolation in suspensions. For low particle-concentration suspension, the Bruggeman model shows 

almost the same result as the MG model will give. For a particle percolation situation or when the 

particle concentration is sufficiently high, the MG model fails to predict precisely the experimental 

results, while the Bruggeman model can still fits well with experimental data. 

   In addition to MG model and Bruggeman model, many other models that extended these two 

models were proposed. The three-component Core-Shell-Medium (CSM) model [12] deduced from the 

MG approximation has considered the adsorption process on the particle surface. The Rayleigh model 
[13] did not concern the effect of particle interaction, but for particle of small radius, its accuracy is 

relatively higher than MG model. The Cichocki-Felderhof (CF) model [14] was deduced with statistical 

method and considered the interaction between particles of same radius. The Monecke model [15] 

discarded the physical topology technique of effective medium theory, deduced on the assumption that 

the effective thermal conductivity equals to an interpolation between the extreme limits of its 

components. 

Table 1. Comparison of the calculated value of k / kf using various models 

Particle volume 
fraction, % 

MG 
model[1] 

CSM 
model[12] 

Rayleigh 
model[13] 

CF 
model[14] 

Monecke 
model[15] 

Experimental 
results[5] 

0.1 1.00262 1.00192 1.00262 1.00266 1.00262 1.0982 
0.2 1.00526 1.00386 1.00524 1.00539 1.00525 1.1252 
0.3 1.00791 1.00582 1.00787 1.0082 1.00788 1.13984 
0.4 1.01057 1.00781 1.01051 1.01108 1.01051 1.16996 
0.5 1.01324 1.00982 1.01314 1.01404 1.01316 1.11238 
0.6 1.01593 1.01185 1.01579 1.01708 1.01581 1.10531 

   We compare these models with experimental results for suspension of CuO nanoparticles (50nm) in 

deionized water [5] in Table 1. All these models function as the same in dilute limit, yet none of them 

explains well with our experimental data [5]. 

4. The particle size effect and particle surface adsorption 

   To explain the anomalous increase of effective thermal conductivity for liquid with nanoparticle 

inclusions, the effect of particle size and particle surface adsorption of liquid need to be considered [3]. 

Without consideration of radiation, the heat carriers in nanoparticles include only phonons and 

electrons. The transport regimes for these heat carriers were established by Chen [16], according to the 

relation between mean free path of heat carriers and length scale of nanostructures. When the mean free 

path of heat carriers is comparable with the size of nanoparticles, i.e., 10~100nm, the Boltzmann 

equation is applicable for describing the heat transferring process. Hence, using the relaxation time 

approximation method [17], the effective thermal conductivity of nonmetallic nanoparticles can be 

approximated as 
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where kb is (bulk) thermal conductivity of particle, laa /* =  is the nondimensional radius, and l  is 

mean free path of phonons. For metallic nanoparticles, the effective thermal conductivity can be 

achieved, provided that the Wiedemann-Franz Law still holds when temperature is much higher than 

Debye temperature. The size effect on the phonon-electron coupling factor is also negligible within the 

above-mentioned regime [18]. A cubic decreasing law was found in effective electric conductivity for 

particles smaller than 500nm [19]. Thus, when the relaxation times of electron and phonon are 

comparable, the following equation can be used for effective thermal conductivity of metallic 



nanoparticles: 
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   Besides, the adsorption of liquid molecules on particle surface is thought to be a monolayer one. 

The way of molecule allocation on particle surface is commonly considered to be a hexagonal 

closed-packed style. From the Langmuir formula of monolayer adsorption of molecules, the thickness 

of the adsorption layer can be expressed as [20] 
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where M  is molecular weight of liquid, ρ f is density of liquid, and NA is Avogadro constant (6.023�

1023/mol). Since the monolayer always occurs in conjunction with the particle sphere, they are 

completely correlated [21], and hence, the effective thermal conductivity of the nanoparticle can be 

considered to be the total thermal conductivity of these two substances [22]: 
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where )/(1 attA +−= , adk  is effective thermal conductivity of the adsorption layer. With the 

consideration of surface adsorption, we should substitute (a+t), φ3]/)[( ata +  and kcp for a, φ  and kp, 

respectively, in Eqs. (3)~(10). The value of adk  is hard to be predicted, but from Eq. (10), we can take 

kcp as first approximation, and thus the calculated results will stand for the upper bound of enhancement 

for effective thermal conductivity of liquid with nanoparticles inclusion. 

Table 2. Comparison of MG model, extended MG model and experimental results 

Particle volume 
fraction, % 

MG 
model[1] 

Extended MG 
model [22] 

Experimental 
results[5] 

0.1 1.003 1.004 1.0982 
0.2 1.006 1.00799 1.1252 
0.3 1.009 1.01199 1.13984 
0.4 1.012 1.01599 1.16996 
0.5 1.015 1.01998 1.11238 
0.6 1.018 1.02398 1.10531 

Table 3. Data for calculation 

Copper oxide  Deionized water 

Average radius 

Mean free path of phonons 

a=25nm 

l=14nm 

 

 Thickness of adsorption monolayer 
 
t=2.8nm 

Density �p=6310kg/m3  Density �f=996kg/m3 
Thermal conductivity kp=32.9W/m/K  Thermal conductivity kf=0.613W/m/K 

   The extended MG model, with consideration of particle size effect and particle surface adsorption 

of liquid, can thus be deduced using the above equations [22]. The corresponding calculated results are 

compared with MG model and experimental results, and are listed in Table 2. Data used for calculation 

are listed in Table 3. However, the extended MG model that considers both effects improves little from 

MG model and the need for further consideration of particle clustering still remains to explain our 

experimental results. 

5. A fractal model proposed 

   To incorporate clustering effect of nanoparticles, a fractal description for cluster distribution is used 

to predict the effective thermal conductivity of nanoparticle clusters that show some kind of 

self-comparability in suspensions. Then, with spatial distribution of nanoparticle clusters, the effective 

thermal conductivity of suspensions is expected to be obtained, using the multi-component MG model 



proposed by Wood and Ashcroft [23]. 

   As Havlin and Ben-Avraham [24] have figured out, the radius distribution of nanoparticles and the 

spatial distribution of nanoparticles in suspension have both shown some kind of self-comparability. In 

scaling theory, the fractal dimension, Df, can be used for describing this character, or fractals. It is 

established through a scalar with unit ε . If the volume (area, particle numbers, etc.) of the fractal is 

)(εF , then Df can be decided through the following expression: 
fDCF εε =)( ,        (11) 

where C is a shape factor that is independent of ε . The section views of intercepted nanoparticles 

clusters and the calculation of fractal dimensions are shown respectively on the top and at the bottom of 

Fig.4. Using Eq. (11), the fractal dimensions of corresponding clusters can be obtained to be 1.73, 1.76 

and 1.81, respectively. 
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(a) Mass fraction=0.02%   (b) Mass fraction=0.04%   (c) Mass fraction=0.06% 

Fig.4. The calculation of fractal dimension of section area of clusters 

   The enhancement in effective thermal conductivity for liquid with nanoparticle inclusions relates 

directly with the particle interaction and clustering process. It is reasonable to consider that host liquid 

and inclusions of percolating cluster compose the nanoparticle suspension. Thus, when using Eq. (1), kp 

will be replaced by the effective thermal conductivity of nanoparticle clusters, kcl(r), predicted by 

Bruggeman model. 

   Provided that different sizes of clusters, r, have formed in suspension due to the interaction of 

nanoparticles of equal radius, a, the volume fraction of nanoparticles in cluster can be obtained from 

fractal theory [25,26]: 

3)/()( −= fDarrf ,        (12) 
Since particles percolated in liquid, the Bruggeman approach [11], with substituting f(r) for φ  into Eqs. 

(4) and (5), can be used to calculate the effective thermal conductivity of clusters, )(rkk clcl = . 

   For isolated clusters, their spatial distribution can be approximated through statistical method. 

When particle volume can be expressed as mHrV = , in which H and m are constants about shape 

factors of particles, the following log normal distribution function can approximately be used to 

describe n(r) [23]:  
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where r  is the geometric mean radius, σ  the standard deviation. The value of r  can be substituted 

approximately with the average radii, a, and σ  can take the classic value of 1.5. 

   Using the multi-component MG model proposed by Wood and Ashcroft [23] and further considering 

the effect of particle clustering and clusters distribution, we can thus obtain the effective thermal 

conductivity of suspension with nanoparticle inclusions. Substituting the effective thermal conductivity 

of clusters, kcl(r), and the radius distribution function, n(r), into the modified MG equation, the 

effective thermal conductivity of liquid with nanoparticle suspension, k, can be expressed as: 
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This equation is the proposed fractal model deduced for predicting of effective thermal conductivity of 

liquid with nanoparticles inclusion. 
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Fig. 5. Comparison of experimental data and predicting results using fractal model with or without consideration 

on particle size effect and surface adsorption 

   Taken fractal dimension of clusters to be the calculated value in Fig. 4, and used the proposed 

fractal model, the consistency between predictive value and experimental data [5] for effective thermal 

conductivity enhancement of 50nm CuO particle suspensions can be obtained, as shown in Fig. 5. The 

proposed fractal model fits well with experimental data when the particle concentration is less than 

0.5%. Beyond this dilute limit, the possible deposition effect may have to be considered, which is 

difficult for predicting transport coefficients, e.g., thermal conductivity. At the same time, an obvious 

decrease in k/kf is observed if the adsorption effect is not considered, and thus, the packed liquid 

molecules on the particle / liquid interface contribute significantly to the enhancement of effective 

thermal conductivity of liquid. 

6. Conclusions 

   A fractal model, which involves applying and improving of the effective medium theory, is 

proposed for predicting the effective thermal conductivity of liquid with dilute suspension of 

nonmetallic nanoparticles. The proposed fractal model predicts well the trend for variation of the 

effective thermal conductivity of liquid with dilute suspension of nanoparticles, and fits successfully 

with our experimental data for 50nm CuO particles suspension in deionized water when %5.0<φ . 

The calculated result also shows that the predictive calculation of effective thermal conductivity is 

complicated. Further work would be needed, especially for metallic nanoparticle inclusions. 

   Though the effective thermal conductivity of nanoparticle suspensions can be predicted 

successfully through the proposed fractal model, the predictive calculation is still complicated in 

applying and improving the effective medium theory. Also, the spatial distribution of nanoparticle 



clusters should be carefully concerned and described. To improve this method, the actual spatial 

distribution of nanoparticles clusters in liquid needs to be further studied. And the effects of particle 

size and particle shape also need to be included. For metallic nanoparticles, the effect of particle size 

still remains to be considered. 
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